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1. Matematica

1.1.

Karatsuba

//Mandar como Parametro N el numero de bits

import java.math.BigInteger;

import java.util.Random;

class Karatsuba {
private final static Biglnteger ZERO = new BigInteger("0");
public static Biglnteger karatsuba(Biglnteger x, Biglnteger y) {

int N = Math.max(x.bitLength(), y.bitLength());
if (N <= 2000) return x.multiply(y);

N=ON/2) + N % 2);

BigInteger b = x.shiftRight(N);
BigInteger a = x.subtract(b.shiftLeft(N));
BigInteger d = y.shiftRight(N);

BigInteger ¢ = y.subtract(d.shiftLeft(N));
BigInteger ac = karatsuba(a, c);

karatsuba(b, d);
karatsuba(a.add(b), c.add(d));

Biglnteger bd
BigInteger abcd



return
ac.add(abcd.subtract (ac) .subtract (bd) .shiftLeft (N)) .add(bd.shiftLeft (2*N));
}
public static void main(String[] args) {
long start, stop, elapsed;
Random random = new Random() ;
int N = Integer.parselnt(args[0]);
BigInteger a = new BigInteger (N, random);
BigInteger b = new BigInteger (N, random);
start = System.currentTimeMillis();
Biglnteger c¢ = karatsuba(a, b);
stop = System.currentTimeMillis();
System.out.println(stop - start);
start = System.currentTimeMillis();
Biglnteger d = a.multiply(b);
stop = System.currentTimeMillis() ;
System.out.println(stop - start);
System.out.println((c.equals(d)));

1.2. Integracion por Simpson

/abf(z)dx

double a, b; // limites
const int N = 1000%1000;
double s = 0;
for (int i=0; i<=N; ++i) {
double x = a + (b - a) *x 1 / N;
s += £(x) * (i==0 || i==N 7 1 : (i&1)==0 7 2 : 4);
}
double delta

= (b -a /N;
s *= delta / 3.0;

1.3. Phi de Euler

int phi (int n) {
int result = n;
for (int i=2; i*i<=n; ++i)
if (m %1i==0 {
while (n % i == 0)

n /= i;
result -= result / i;
}
if (n > 1)
result -= result / n;

return result;

1.4. Modulo en Factorial

//n! mod p
int factmod (int n, int p) {
long long res = 1;



while (n > 1) {
res = (res * powmod (p-1, n/p, p)) % p;
for (int i=2; i<=nYp; ++1i)
res = (res * 1) % p;
n /= p;
¥

return int (res 7 p);

1.5. Exponenciacion Binaria

int binpow (int a, int n) {
int res = 1;

while (n)

if m& 1) {
res *= a;
—-n;

}

else {
a *= a;
n >>=1;

}

return res,;

Si quiero aumentar el tamafio de una fila en particular insertar

2. Grafos

2.1. Ordenamiento Topologico

vector < vector<int> > g;
int n;

vector<bool> used;
list<int> amns;

void dfs(int wv)
{
used[v] = true;
for(vector<int>::itetator i=g[v].begin(); i!=gl[v].end(); ++i)
if (lused[*i])
dfs(*i);
ans.push_front (v) ;

}

void topological _sort(list<int> & result)
{
used.assign(n, false);
for(int i=0; i<n; ++i)
if (lused[i])
dfs(i);
result = ans;

en esa fila.



2.2. Componentes fuertemente conectados

vector < vector<int> > g, gr;
vector<char> used;
vector<int> order, component;

void dfsl(int v) {
used[v] = true;
for(size t i=0; i<glv].size(); ++i)
if (lused[ glvl[il 1)
dfs1(glv]l[i1);
order.push_back(v) ;

}

void dfs2(int v){
used[v] = true;
component . push_back (v);
for(size t i=0; i<grl[v].size(); ++i)
if (lused[ grlv]l[i]l 1)
dfs2(gr vl [i]);

}

int main() {

int n;

//... read n ...

for(;;) {
int a, b;
//... read directed edge (a,b)
glal .push_back(b) ;
gr[b] .push_back(a);

}

used.assign(n, false);
for(int i=0; i<n; ++1i)
if (lused[i])
dfs1(i);
used.assign(n, false);
for(int i=0; i<n; ++i) {
int v = order[n-1-i];
if (lused[v]) {

dfs2(v);
//... work with component ...
component.clear() ;

}
}
¥

2.3. K camino mas corto

const int INF = 1000%1000%1000;
const int W= ...; // peso mazimo

int n, s, t;

vector < vector < pair<int,int> > > g;
vector<int> dist;

vector<char> used;



vector<int> curpath, kth_path;
int kth path exists(int k, int maxlen, int v, int curlen = 0) {
curpath.push_back(v) ;
if(v == t) {
if (curlen == maxlen)
kth_path = curpath;
curpath.pop_back() ;
return 1;
}
used[v] = true;
int found = 0;
for(size t i1=0; i<glv].size(); ++i) {
int to = glv][i].first, 1len = gl[v][i].second;
if (lused[to] && curlen + len + dist[to] <= maxlen) {
found += kth path_exists(k - found, maxlen, to, curlen + len);
if (found == k) break;

}
}

used[v] = false;
curpath.pop_back() ;
return found;

int main() {
//... inicializar (n, k, g, s, t)

dist.assign(n, INF);

dist[t] = 0;
used.assign(n, false);
for(;;) {

int sel = -1;

for(int i=0; i<mn; ++i)

if (lused[i] && dist[i] < INF && (sel == -1 || dist[i] < dist[sel]))
sel = i;
if(sel == -1) Dbreak;

used[sel] = true;

for(size t i=0; i<glsell .size(); ++i) {
int to = glsel] [i].first, len = gl[sel][i].second;
dist[to] = min (dist[to], dist[sel] + len);

}
}

int minw = 0, maxw = W;
while(minw < maxw) {
int wlimit = (minw + maxw) >> 1;
used.assign(n, false);
if (kth_path_exists(k, wlimit, s) == k)
maxw = wlimit;
else
minw = wlimit + 1;
}

used.assign(n, false);
if (kth_path_exists(k, minw, s) < k)



puts("NO SOLUTION");
else {
cout << minw << ’ ’ << kth_path.size() << endl;
for(size t i=0; i<kth_path.size(); ++i)
cout << kthpath[i]+l << ’ 7;

2.4. Algoritmo de Dijkstra

El peso de todas las aristas debe ser no negativo.
#include <iostream>

#include <algorithm>

#include <queue>

using namespace std;

struct edge{
int to, weight;
edge() {}
edge(int t, int w) : to(t), weight(w) {}
bool operator < (const edge &that) const {
return weight > that.weight;

}
+s

int main(){
int N, C=0;
scanf (" %d", &N);
while (N-- && ++C){
int n, m, s, t;
scanf (" %d%d%d%d", &n, &m, &s, &t);
vector<edge> glnl;
while (m--){
int u, v, w;
scanf (" %d%d%d", &u, &v, &w);
glu] .push_back(edge(v, w));
glv] .push_back(edge(u, w));

}

int d[n];
for (int i=0; i<n; ++i) d[i] = INT_MAX;
dls] = 0;
priority_queue<edge> q;
q.push(edge(s, 0));
while (q.empty() == false){
int node = q.top() .to;
int dist = q.top().weight;
q.popQ);

if (dist > d[node]) continue;
if (node == t) break;

for (int i=0; i<glnode].size(); ++i){



int to = glnode] [i].to;
int w_extra = glnode] [i] .weight;

if (dist + w_extra < d[tol){
d[to] = dist + w_extra;
q.push(edge(to, d[tol));
¥
}
}

printf("Case #%d: ", C);
if (d[t] < INTMAX) printf("7%d\n", d[t]);
else printf ("unreachable\n");

}

return 0;

}

2.5. Minimum spanning tree: Algoritmo de Kruskal + Union-Find

#include <iostream>
#include <vector>
#include <algorithm>

using namespace std;

/*
Algoritmo de Kruskal, para encontrar el drbol de recubrimiento de minima suma.

*/

struct edge{
int start, end, weight;
bool operator < (const edge &that) const {
//S%i se desea encontrar el drbol de recubrimiento de mdxzima suma, cambiar el < por
un >
return weight < that.weight;
}

¥

/* Union find */

int p[10001], rank[10001];

void make_set(int x){ p[x] = x, rank[x] = 0; }

void link(int x, int y){ rank[x] > rank[y] ? ply] = x : plx] =y, rank[x] == rank[y] 7
rank[y]l++: 0; }

int find set(int x){ return x != p[x] ? p[x] = findset(p[x]) : plxl; }

void merge(int x, int y){ link(find set(x), find set(y)); }

/* End union find */

int main(){

int c;

cin >> c;

while (c—-){
int n, m;
cin >> n >> m;
vector<edge> e;
long long total = O;
while (m—-){



edge t;
cin >> t.start >> t.end >> t.weight;
e.push_back(t);
total += t.weight;
}
sort(e.begin(), e.end());
for (int i=0; i<=n; ++i){
make_set (i) ;
}
for (int i=0; i<e.size(); ++i){
int u = e[i].start, v = e[i].end, w = e[i] .weight;
if (find set(u) !'= find set(v)){
//printf("Joining 4d with%d using weight Jd\n", u, v, w);
total = w;
merge(u, v);
}
}

cout << total << endl;

}

return O;

}

2.6. Algoritmo de Floyd-Warshall

Complejidad: O(n?)
Se asume que no hay ciclos de costo negativo.
/*
glt][7] = Distancia entre el nodo © y el j.
*/
unsigned long long g[101][101];

void floyd(){
//Llenar g
/S

for (int k=0; k<mn; ++k){
for (int i=0; i<n; ++i){
for (int j=0; j<n; ++j){
glil [j] = min(glil [j], glil k] + glk][j1);
}

}

}
/*
Aca se cumple que g[i][j] = Longitud de la ruta mds corta de % a j.

*/

2.7. Algoritmo de Bellman-Ford

Si no hay ciclos de coste negativo, encuentra la distancia mas corta entre un nodo y todos los demaés. Si
si hay, permite saberlo.
El coste de las aristas si puede ser negativo.
struct edge{
int u, v, w;

I¥



edge * e; //e = Arreglo de todas las aristas
long long d[300]; //Distanctas

int n; //Cantidad de nodos

int m; //Cantidad de aristas

/*

Retorna falso si hay un ciclo de costo megativo.

Si retorna verdadero, entonces d[i] contiene la distancia mds corta entre el s y el
nodo 7.

*/
bool bellman(int &s){

//Llenar e

e = new edgel[n];

/S

for (int i=0; i<mn; ++i) d[i] = INT_MAX;
d[s] = OLL;

for (int i=0; i<n-1; ++i){
bool cambio = false;
for (int j=0; j<m; ++j){
int u = e[jl.u, v = el[jl.v;
long long w = el[j].w;
if (dfu] + w < dlv]){
dlv] = d[u]l + w;
cambio = true;
}
t

if (!cambio) break; //Early-ezit

}

for (int j=0; j<m; ++j){
int u = e[jl.u, v = el[jl.v;
long long w = el[j].w;
if (d[ul] + w < d[v]) return false;

}

delete [] e;
return true;

2.8. Puntos de articulacion

#include <vector>
#include <set>
#include <map>
#include <algorithm>
#include <iostream>
#include <iterator>

using namespace std;
typedef string node;

typedef map<node, vector<node> > graph;
typedef char color;

10



const color WHITE = O, GRAY = 1, BLACK = 2;

graph g;
map<node, color> colors;
map<node, int> d, low;

set<node> cameras;
int timeCount;

void dfs(node v, bool isRoot = true){
colors[v] = GRAY;
d[v] = low[v] = ++timeCount;
vector<node> neighbors = glv];
int count = 0;
for (int i=0; i<neighbors.size(); ++i){
if (colors[neighbors[il] == WHITE){ // (v, neighbors[i]) is a tree edge
dfs(neighbors[i], false);
if (!isRoot && low[neighbors[i]] >= d[v]){
cameras.insert(v);
}
low[v] = min(low([v], low[neighbors[i]]);
++count;
telse{ // (v, neighbors[i]) is a back edge
low[v] = min(low[v], d[neighbors[i]]);
}
}
if (isRoot && count > 1){ //Is root and has two neighbors in the DFS-tree
cameras.insert(v);
}

colors[v] = BLACK;

}

int main(){
int n;
int map = 1;
while (cin >> n && n > 0){
if (map > 1) cout << endl;
g.clear();
colors.clear();
d.clear();
low.clear();
timeCount = O;
while (n--){
node v;
cin >> vy
colors[v] = WHITE;
glv] = vector<node>();

}

cin >> n;

while (n--){
node v,u;
cin >> v >> u;
glv] .push_back(u);
glu] .push_back(v);

11



cameras.clear();

for (graph::iterator i = g.begin(); i != g.end(); ++i){
if (colors[(*i).first] == WHITE){
dfs((*i) .first);

cout << "City map #"<<map<<": " << cameras.size() << " camera(s) found" <<
endl;
copy (cameras.begin(), cameras.end(), ostream iterator<node>(cout,"\n"));
++map;
return O;

}
2.9. Maximo flujo: Método de Ford-Fulkerson, algoritmo de Edmonds-Karp

El algoritmo de Edmonds-Karp es una modificaciéon al método de Ford-Fulkerson. Este ultimo utiliza DFS
para hallar un camino de aumentacién, pero la sugerencia de Edmonds-Karp es utilizar BFS que lo hace
més eficiente en algunos grafos.

int cap[MAXN+1] [MAXN+1], flow[MAXN+1] [MAXN+1], prev[MAXN+1];

/*
cap[i][j] = Capacidad de la arista (i, 7).
flow[<][7] = Flujo actual de % a j.
prev[i] = Predecesor del nodo © en un camino de aumentacion.

*/

int fordFulkerson(int n, int s, int t){
int ans = O;
for (int i=0; i<n; ++i) fill(flow[i], flow[il+n, 0);
while (true){
fill(prev, prev+n, -1);
queue<int> q;

q.push(s);
while (q.size() && prev([t] == -1){

int u = q.front();

q.popQ);

for (int v = 0; v<n; ++v)

if (v != s && prev[v] == -1 && caplul [v] > flow[ul [v] )
prev[v]l = u, q.push(v);

}
if (prev([t] == -1) break;

int bottleneck = INT_MAX;
for (int v = t, u = prevlvl; u != -1; v = u, u = prev[v]){
bottleneck = min(bottleneck, capl[ul [v] - flow[u][v]);

}
for (int v = t, u = prev[vl; u '= -1; v = u, u = prev[v]){
flow[u] [v] += bottleneck;
flowl[v] [ul = -flow[u] [v];
}
ans += bottleneck;
}

12



return ans;

}

3. Programacion dinamica

3.1. Longest common subsequence

#define MAX(a,b) ((a>b)7(a): (b))
int dp[1001] [1001];

int lcs(const string &s, const string &t){
int m = s.size(), n = t.size();
if (m == 0 || n == 0) return 0;
for (int i=0; i<=m; ++i)

dpl[i] [0] = O;
for (int j=1; j<=n; ++j)
dpl[0] [j1 = 0;

for (int i=0; i<m; ++i)
for (int j=0; j<n; ++j)
if (s[i]l == t[j])
dpli+1] [j+1] = dpl[il[jI+1;
else
dpli+1] [j+1] = MAX(dpl[i+1][jl, dp[il [j+11);
return dp[m] [n];

3.2. Maxima Submatriz de ceros

int n, m;
cin >> n >> m;
vector < vector<char> > a (n, vector<char> (m));
for (int i=0; i<n; ++i)
for (int j=0; j<m; ++j)
cin >> alil[j1;

int ans = 0;
vector<int> d (m, -1);
vector<int> dl (m), dr (m);
stack<int> st;
for (int i=0; i<mn; ++i) {
for (int j=0; j<m; ++j)
if (alil[j] == 1)
d[j] = 1i;
while (!st.empty()) st.popQ);
for (int j=0; j<m; ++j) {
while (!'st.empty() && d[st.top()] <= d[j]) st.popQ);
dl[j] = st.empty() 7 -1 : st.top();
st.push (j);
¥
while (!st.empty()) st.popQ);
for (int j=m-1; j>=0; —-j) {
while (!st.empty() && d[st.top()] <= d[j]) st.popQ);
dr[j] = st.emptyO 7 m : st.top(Q);
st.push (j);
¥
for (int j=0; j<m; ++j)
ans = max (ans, (i - d[j]) * (dr[j] - dl[j] - 1));

13



cout << amns;

4. Geometria

4.1. Area de un poligono

Si P es un poligono simple (no se intersecta a si mismo) su drea estad dada por:
n—1

A(P) =3 (i yis1 — wiv1 i)

i=0

//P es un poligono ordenado anticlockwise.
//Si es clockwise, retorna el area negativa.
//8% no esta ordenado retorna pura mierda.
//P[0] != P[n-1]
double PolygonArea(const vector<point> &p){
double r = 0.0;
for (int i=0; i<p.size(); ++i){
int j = (i+1) % p.size();
r += pl[i] .x*xp[jl.y - pl[jl.xxplil.y;
}

return r/2.0;

}

4.2. Centro de masa de un poligono

Si P es un poligono simple (no se intersecta a si mismo) su centro de masa estd dado por:

Ce = Ri Z (Yir1 — yi) (@i + Tigr - 2 + )

€= //RydA GMZ

Donde M es el area del poligono.
Otra posible férmula equivalente:
B 1 n—1

C, = 6A Z(xi + @) (T - Yiyr — Tigr - Vi)
i=0

— Tit1) yz+1 + Yit1 - Yi + ?/12)

n—1

_ 1
=51 > Wi+ vir) (@i - Yisr — Tig - vi)
=0

4.3. Convex hull: Graham Scan

Complejidad: O(nlogyn)
/%
Graham Scan.

*/

#include <iostream>
#include <vector>
#include <algorithm>
#include <iterator>
#include <math.h>
#include <stdio.h>
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using namespace std;
const double pi = 2xacos(0);

struct point{

int x,y;

point() {}

point(int X, int Y) : x(X), y(Y) {}

¥
point pivot;

ostream& operator<< (ostream& out, const point& c)
out << "(" << c.x << "M << cy << Y
return out;

}

inline int distsqr(const point &a, const point &b){
return (a.x - b.x)*(a.x - b.x) + (a.y - b.y)*(a.y - b.y);

}

inline double dist(const point &a, const point &b){
return sqrt(distsqr(a, b));

}

//retorna > 0 st ¢ esta a la tzquierda del segmento AB

//retorna < 0 si ¢ esta a la derecha del segmento AB

//retorna == 0 si c es colineal con el segmento AB

inline int cross(const point &a, const point &b, const point &c){
return (b.x-a.x)*(c.y-a.y) - (c.x-a.x)*(b.y-a.y);

}

//Self < that si esta a la derecha del segmento Pivot-That
bool angleCmp(const point &self, const point &that){
int t = cross(pivot, that, self);
if (¢t < 0) return true;
if (¢ == 0){
//Self < that si estd mds cerquita
return (distsqr(pivot, self) < distsqr(pivot, that));

}

return false;

}

vector<point> graham(vector<point> p){
//Metemos el mas abajo mds a la izquierda en la posicton O
for (int i=1; i<p.size(); ++i){
if (plil.y < pl0l.y || (plil.y == pl0]l.y && pl[il.x < pl[0].x ))
swap(p[0], pl[il);
}

pivot = p[0];
sort(p.begin(), p.end(), angleCmp);

//0Ordenar por dngulo y eliminar repetidos.
//S% vartos puntos tienen el mismo angulo el mds lejano queda después en la lista

15



vector<point> chull(p.begin(), p.begin()+3);

//Ahora si!!!
for (int i=3; i<p.size(); ++i){
while ( chull.size() >= 2 && cross(chull[chull.size()-2], chull[chull.size()-1],
plil) <= 0){
chull.erase(chull.end() - 1);
}

chull.push back(p[il);
}
//chull contiene los puntos del convex hull ordenados anti-clockuwise.
//No contiene ningun punto repetido.
//El primer punto no es el mismo que el dltimo, %.e, la dltima arista
//va de chull[chull.size()-1] a chull[0]
return chull;

4.4. Minima distancia entre un punto y un segmento

struct point{
double x,y;

}s

inline double dist(const point &a, const point &b){
return sqrt((a.x-b.x)*(a.x-b.x) + (a.y-b.y)*(a.y-b.y));

}

inline double distsqr(const point &a, const point &b){
return (a.x-b.x)*(a.x-b.x) + (a.y-b.y)*(a.y-b.y);

}
/%

Returns the closest distance between point pnt and the segment that goes from point a
to b

Idea by: http://local.wasp.uwa.edu.au/ “pbourke/geometry/pointline/

*/
double distance point_to_segment(const point &a, const point &b, const point &pnt){

double u = ((pnt.x - a.x)*(b.x - a.x) + (pnt.y - a.y)*(b.y - a.y)) / distsqr(a, b);

point intersection;

intersection.x = a.x + ux(b.x - a.x);

intersection.y = a.y + ux(b.y - a.y);

if (u < 0.0 || u> 1.00{

return min(dist(a, pnt), dist(b, pnt));

}

return dist(pnt, intersection);

4.5. Minima distancia entre un punto y una recta
/%

Returns the closest distance between point pnt and the line that passes through points
a and b
Idea by: http://local.wasp.uwa.edu.au/ “pbourke/geometry/pointline/
*/
double distance point_to_line(const point &a, const point &b, const point &pnt){
double u = ((pnt.x - a.x)*(b.x - a.x) + (pnt.y - a.y)*(b.y - a.y)) / distsqr(a, b);
point intersection;
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intersection.x = a.x + ux(b.x - a.x);
intersection.y = a.y + ux(b.y - a.y);
return dist(pnt, intersection);

}

4.6. Determinar si un poligono es convexo

/*
Returns positive i1f a-b-c make a left turn.
Returns negative <f a-b-c make a right turn.
Returns 0.0 if a-b-c are colineal.
*/
double turn(const point &a, const point &b, const point &c){
double z = (b.x - a.x)*(c.y - a.y) - (b.y - a.y)*(c.x - a.x);
if (fabs(z) < 1e-9) return 0.0;
return z;

}
/%

Returns true if polygon p s convez.
False 1f 2t’s concave or it can’t be determined
(For exzample, if all points are colineal we can’t
make a choice).
*/
bool isConvexPolygon(const vector<point> &p){
int mask = 0;
int n = p.size();
for (int i=0; i<m; ++i){
int j=(i+1) ’n;
int k=(i+2) %n;
double z = turn(pl[il, p[jl, plkl);
if (z < 0.0){

mask |= 1;
telse if (z > 0.0){
mask |= 2;
}
if (mask == 3) return false;

}

return mask != 0;

}

17
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Definitions Series
f(n) =0(g(n)) iff 3 positive ¢, ng such that n n n 2 9
. n+1 n+1)(2n+1 (n+1)
< < > = 7/ 2 3 R S
0 < f(n) < cg(n) Vn > ng. le, 21 5 21 I .
f(n) =Q(g(n)) iff 3 positive ¢, ng such that Z_ b h
F(n) > cg(n) >0 n > n. Inngeneral. §
fn)=6gm) | i fn) = Olgln) and | D i"= =7 {(" FUTH 1= Y () = n 1))
() = QAg(n). =i =
- - n—1 1 m m+1
) =olgm) | T, f(n)/gn) = 0. | $gm— L ( )Bknmﬂ—k.
i=1 m+1 k=0 k
lim a, =a iff Ve > 0, dng such that L . .
n—o00 lan —a| < € ¥n > ng Geometrlc series:
n ) - . n+1 > . C
sup S least b € R such that b > s, ZC —— ¢#L ZC Zczzlfc’ el < 1,
VseS. =1
n+2 n+1 o0 )
inf S greatest b € R such that b < Zici = ne (n+ 120 * C, c#1, Zicl = 5 o < 1.
s,VsesS. i=0 (c=1) j (1-9¢)
liminf a,, lim inf{a; |7 > n,i € N}. Harmonic series: n g n (n+ 1) (n—1)
n—oo n— oo n nn —
Hn = ) ZH? = Hn -
lim sup a,, nlLII;O sup{a; | i > n,i € N}. = ; 2 4
(D) Combinations: Size k sub- zn:Hi — (n+ 1)H, —n, i (Z)Hl _ (n + 1) (Hn+1 — #) )
sets of a size n set. i=1 o1\ m+1 m+1
(%] Stirling numbers (1st kind): n n! " /n . n n
Arrangements of an n ele- 1. k)~ (n— k) 2 k =2 3. k) " \n_%&)
ment set into k cycles. k=0
4 ny _nfn- 1 5 n\ (n-—1 n—1
{%} Stirling numbers (2nd kind): “\k) k\k-=-1) “\k) k k—1)
PirFi‘ctior;Cs of an nt elerilent o (M\(™ _ (" (- k . i rk\  (r4n+l
set into k non-empty sets. S O B R Bl W L O B . 2 k = " ,
<Z> 1st order Eulerian numbers: ng "t 1 n , s ris
Permutations w7y ... T, on 8. Z < ) = ( 1), 9. (k) ( k) = ( ),
{1,2,...,n} with k ascents. o\ m+ k=0 = "
n k—n-—1 n n
<<Z>> 2nd order Eulerian numbers. 10. k) = (_1)k( k )» 11. { 1 } = {n} =1
Cn, Catalar} Numbers: .Binary 1o {1\ gy e {nl_ [ 1 N n—1
trees with n + 1 vertices. Yo~ -5 Vel k E—1(
n n n n n
14. = - 1! 15. = - )H, _ 16. =1 17. >
T wleme o w[)f)
n n—1 n—1 n n n " n 1 2n
18. =(n-1 19. = = 20. =n! 21. C, = —— ,
ool B e =L 6) e L e e ()
n n n n — n—1
22. = =1 23. = 24. =(k+1 —k
(o)== (i = (o t) (=" re=n(iTh)
0 1 ifk=0 n n n+1
25. = ’ 26. =2"-n-1 27. =3" - 1)2"
<k> {0 otherwise <1> nh <2> (n+1) +( 2 )’
o o= /n\(z+k n " n+1 " n " /n k
28. :Z<k>< N ) 29. <m>=2( N >(m—|—1—k:) (1), 30. m!{m}:z k><nm)
k=0 k=0 k=0

31.

<
. {

36.

_ k:{g}(”%k)(_nnkmk!, 32. <<’g>> —1, 33. <<Z > —0 forn+#0,
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Identities Cont.

Trees

n+1 nl|(k “ [k ek "1k x ~ n r+k Every tree with n
38. {m+1]Z[k}(m)Z[m}n—n!Zk!{m} 39. L_n}z<<k>>< om )’ vertices has n — 1
k k=0 k=0 k=0
dges.
n n\ [ k+1 ek n n+1]/k ek ¢
w (OO N S A R,
k " kes ity: If the depths
42, {m+n+1}_zk{nzk}7 . {ernJrl}_ k(n+k)[nzk} of the leaves of
m P m =0 Z bmarc}if tree are
1 1 LA n:
44. (") :Z{wr }[k](—l)m—k, 45. (n—m)'(”) :2:{7”r Hk}(—l ek forp>m,| on
m k k+1)|m m : k+1]m 227%317
n m—n\/m+n\|[m+Ek n m—n\/m+n\[m+k i=1
46. = y 47. = )
R e Sl [ i 1 FR O P B 1 V3 1 S | IO
n {+m El[n—k)[n n {4+m El[n—k]|[(n only if every in-
48. {(—i—m}( 14 >:Z{£}{ m }(k)’ ) {f—i—m}( ¢ ):Z{E][ m }(k) ternal node has 2
k k sons.
Recurrences
Master method: Generating functions:
T(n)=aT(n/b)+ f(n), a>1,b>1 1(T(”) —3T(n/2) = ”) 1. Multiply both sides of the equa-
— (o8, a—e 3(T(n/2) — 3T (n/4) = n/2) tion by .
If 3¢ > 0 such that f(n) = O(n"% ™) 2. Sum both sides over all i for
then . .. .
T(n) = @(nlogb o). : : : which the equation is valid.
gloga n—1 (T(2) - 37(1) = 2) 3. Choose a generating function
If f(n) = ©(n'°% %) then ' . G(z). Usually G(z) = Y o0, z'g;.
T(n) = O(n'°& *log, n). Let ”1 ?(lo)gz "émg}ar;mmth(hE)B 1ef;:1de 3. Rewrite the equation in terms of
we ge n) — = T(n) — = . . _
If 3 > 0 such that f(n) = Q(n'°% ) | T(n) — nF where k = log,3 ~ 1.53496. the generating function G(z).
. . . 2 4. Solve for G(z).
and Jc < 1 such that af(n/b) < cf(n) Summing the right side we get . i .
. - 5. The coefficient of z* in G(z) is g;.
for large n, then m-l m—1 , E 1
T(n)=0(f(n)). —3=n 3\ xample:
(n) = ©(f(n)) 2 =n2 (3) =201 .
Substitution (example): Consider the )
following recurrence Let ¢ = 5. Then we have Multiply and sum:

T =22 T2, Ty =2

Note that T; is always a power of two.
Let ¢; = logy T;. Then we have
t1',+1 =2 + 2ti, t1 = 1.

Let u; = t;/2%. Dividing both sides of
the previous equation by 21 we get

ti+1 . 2° ti
i+l il T 9i
Substituting we find
Uip1 = 3 + Ui, up = 3,

which is simply u; = /2. So we find
that T} has the closed form T; = 22" .
Summing factors (example): Consider
the following recurrence

T(n) =3T(n/2) +n, T(1)=1.

Rewrite so that all terms involving T
are on the left side
T(n) —3T(n/2) = n.

Now expand the recurrence, and choose
a factor which makes the left side “tele-
scope”

cm -1
c—1

m—1
n c=n ( )
i=0

= 2n(co82" — 1)

— 2n(c(k'—1)logC n _ 1)

= 2nF — 2n,

and so T'(n) = 3n* — 2n. Full history re-
currences can often be changed to limited
history ones (example): Consider

i—1
Ti=1+) T;, Th=1
§=0
Note that )
Tin=1+) T;.
j=0
Subtracting we find
[ 1—1
Tipr—Ti=1+» Tj—1-Y T,
§=0 §=0
= E_
And so T; 1 = 2T; = 2+

Zgﬂ-lmi = ZQgﬂi + sz

>0 >0 >0

We choose G(z) = Y, 2"g;. Rewrite
in terms of G(z):

G@) — % = 2G(x) + le

T

>0
Simplify:
G(x) 1
. =2G(x) + -
Solve for G(z):
x
G@) = a2

Expand this using partial fractions:

G(x)x( 2 ! >

1-2z 1-x
=z 222i i—in

i>0 i>0
=> (@7 - Datt

i>0

So g; =2 — 1.
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7~ 3.14150, e~ 2.71828, ~ &~ 0.57721, ¢ = 155 ~1.61803, ¢ =155~ — 61803
i 2t i General Probability
1 2 2 Bernoulli Numbers (B; =0, odd i # 1): Continuous distributions: If
1 1 _ 1 b
2 Bo=1,B1=—3, B2 = 6’B4__%’ Pr[a<X<b}:/ p(x) dx,
3 8 5 36_42738_ 307310 . . a . .
4 16 7 Change of base, quadratic formula. then p is the probability density function of
N X. If
5 32 11 log, & = llogasg’ b+ 2b —dac Pr[X < a] = P(a),
6 64 13 . % ¢ then P is the distribution function of X. If
7 128 17 Euler’s numb‘if o P and p both exist then
8 256 19 €:1+§+-+ﬂ+1—zo+“' .
AN P(a) = p(z) dx.
9 512 23 lim (142)" = e
10 1.024 29 e " -y Expectation: If X is discrete
’ 1+ " <e<(1+1) B B
11 2,048 31 =Y g(x) Pr[X = a].
12 4,096 37 1+ =e- S e oL -
’ n 2n  24n? nd )’ If X continuous then
13 8,192 41 Harmonic numbers: Elg(X)] = > (2)p(z) de = > (z) dP(z)
14 16,384 43 | 8 11 25 137 49 363 To1 7120 gl= | 9\wp -9 '
' 3 % B & 500 a0 80, S0
15 32,768 47 ¢ ¢ 07 407 80T 220 Variance, standard deviation:
16 65,536 53 Inn < H, <lun+1, VAR[X] = E[X?] - E[X]?,
17 131,072 59 1
anlnn—l—’y—i-O(—). VAR[X].
18 262,144 61 n For events A and B:
19 524,288 67 Factorial, Stirling’s approximation: Pr[AV B] = Pr[A] + Pr[B] — Pr[A A B]
20 1,048,576 71 1,2, 6, 24, 120, 720, 5040, 40320, 362880, . . . Pr[A A B] = Pr[A] - Pr[B],
21 2,097,152 73 " i iff A and B are independent.
n
29 4,194,304 79 nl = 27m(—> (1 +®(—>). Pr[A A B]
23 8,388,608 83 Ackermann’s function and inverse: . r[B]
24 16,777,216 ]9 9i i—1 For random variables X and Y
25 33,554,432 97 ali,j) =3 a(i—1,2) j=1 E[X -¥] = E[X]-EY],
2% 67,108,364 101 a(i—1,a(i,j—1)) i,j>2 if X and Y are independent.
27 134,217,728 103 a(i) = min{j | a(j, j) > i}. E[X +Y]=E[X] +E[Y],
X| = X].
28 268,435 456 107 Binomial distribution: E[cX] = cE[X]
20 | 536,870,912 109 " Bayes” theoren:
0 | LomaTas2 | 113 Pt ("“>p Teoamten P B] = o i PrIA
’ A ’4 ’ | ' > i—1 Pr[A;] Pr[B|A;]
31 2,147,483,648 127 Zk( ) g = np. Inclusion-exclusion:
32 | 4,204,967,296 131 n n
Pascal’s Triangle Poisson distribution: Pr { \/Xi:| = Z PriX;] +
7AAk‘ i= =
1 Pr[X = k] = eT E[X] = \. n ,
. k+1
11 Normal (Gaussian) distribution: Z(_l) Z Pr [ /\ Xij}'
121 ( 22 R k=2 1< <lig Jj=1
= e @74 g X = L. 1 111 .
1 3 3 1 p(x) \/%O'e ) E[ ] 1% Moment 1nequahtles. 1
14641 The “coupon collector”: We are given a Pr[|X] > AE[X]] < T
15101051 random coupon each day, and there are n 1
different types of coupons. The distribu- Pr “X — E[X]| > A cf} < —.
161520156 1 ; - ou 2
tion of coupons is uniform. The expected G tric distribution:
172135352171 number of days to pass before we to col- eor;e[;c_ 1:] 11 h }Co_nl _q
182856 70 56 28 8 1 lect all n types is A =r=pq q= D,
= 1
193684 126 126 84 36 9 1 ni,. BX] = hpt = L
110 45 120 210 252 210 120 45 10 1 p
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Trigonometry Matrices More Trig.
Multiplication: C
n
C:AB, Ciyj :Zai_’kbk’j. b a
b k=1
A ¢ Determinants: det A # 0 iff A is non-singular. 5
c
det A- B = det A - det B, Law of cosines:
¢ a4 - & = a®+b*—2abcos C
B det A = Z H sign(m)a; x (- ’
- - ’ Area:
Pythagorean theorem: ™ =1
C? = A% 4+ B2, 2 x 2 and 3 x 3 determinant: A 1p
a b = 216
Definitions: d ‘ = ad — b, = fabsinC,
sina = A/C, cosa=B/C, b 2 sin Asin B
a c _
csc'a:C/A, seca = C/B, d e fl=g le) ; _3 Z JCC i Z b‘ TosmC
tang = 2@ _ é cota = 254 _ B g h i Heron’s formula:
cosa B’ ~ sina A’ .
_ aei +bfg+ cdh
Area, radius of inscribed cizcﬁz: - — ceg — fha — ibd. A= \/5-54"8p" 8¢,
%AB7 1T B0 Permanents: 5= %(a +b+c),
+ 5+ n
Sq =8 — a,
Identities: perm A = Z H Qi (i) - o e
T _i=1 b=570
sinz = pr. cosT = secz’ Hyperbolic Functions Sc=8—¢C.
tanz — = sinz 4+ cos?x = 1, Deﬁmtlons:; ) i More identities:
cotx e’ —e e’ t+e " —
9 9 9 9 sinhe = —— coshr = —— sin % = ﬂ,
1+ tan® z = sec” z, 1+ cot” x = csc” z, 2 2 \ 2
et —e™® 1
. - ) ) tanhe = ———, cschx = — , - 1+ cosx
sinz = cos (5 — x), sinz = sin(m — ), ewl—i—e z sinh z cos§ =1/ —5
sechx = , cothz = .
cosx = — cos(m — x), tanz = cot (5 — z), coshx tanh x tan & — /1—cosz
Identities: 2 1+ cosa’
cotx = — cot(m — x), cscx = cot § — cot x, 1 — cosz
cosh? z — sinh?z = 1, tanh? z 4 sech® z = 1, =T
sin(z £ y) = sinz cosy + coszsiny, Ziﬁi
coth®z — csch®z = 1, sinh(—x) = —sinh z, ="
cos(x + y) = cosx cosy F sinwsiny, 14 cosx
tanz + tany cosh(—x) = cosh z, tanh(—z) = — tanh z, . 1+ cosz
tan(z ty) = ———, cot 5 = _ J
( v) 1 Ftanztany sinh(z 4+ y) = sinh x cosh y + cosh z sinh y, ) i cosx
cos T
t t 1 - -
cot(z £ y) = %7 cosh(z 4+ y) = cosh x cosh y + sinh x sinh y, sinx
cot x £ coty .
: : : 2tanw sinh 2o = 2sinh x cosh 2 =0T
sin 2x = 2sin x cos x, sin2x = ————, - ) 1 _cosa’
1+ tan?x 9 . 192 ix COb—a;w
cos 2z = cos? x — sin? x, cos2x = 2cos? x — 1, cosh 2z = cosh” z + sinh” z, sinx = %,
i
1 —tan?z coshx + sinhz = e coshx —sinhz =e™* i _
cos2x =1 — 2sin? x, cost:m, ’ ’ cosx:eere w’
) (coshz + sinhx)"™ = coshna + sinhnz, n€Z, 2
2tanz cot“z —1 T i
tan2z = ———, cot2x = ———, 2¢inh? % — coshz — 1 2cosh? £ = coshz + 1 tang = —ie——°
1—tanlax 2cotx sinh” § = coshx — 1, cosh” § = coshx + 1. ot | oz’
sin(z 4+ y) sin(z — y) = sin? z — sin?y, et
0 sinf cosf tanf ... in mathematics = e2iw 4 17
cos(z +y) cos(xz — y) = cos® & — sin?y. 0 o 1 0 you don’t under- ) sinh iz
FEuler’s equation: z 1 V3 V3 §tand things, you e i
. : o ) 6 2 2 3 just get used to o ;
e =cosx +isinz, e = —1. N N 1 them cosx = coshiz,
1 2 2 : ;
v2.02 ©1994 by Steve Seiden T 3 1 V3 — J. von Neumann tan = tanih o
sseiden@acm.org 3 i (2) t
http://www.csc.lsu.edu/ seiden 2 o0
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Number Theory

Graph Theory

The Chinese remainder theorem: There ex-
ists a number C such that:

C =ry mod my

C =r, mod m,

if m; and m; are relatively prime for 7 # j.

Euler’s function: ¢(x) is the number of
positive integers less than x relatively
prime to z. If [[I", p{" is the prime fac-
torization of z then

HPEZ_l L 1

Euler’s theorem: If a and b are relatively
prime then
1=a®® mod b.

Fermat’s theorem:
1= a”"! mod p.

The Euclidean algorithm: if a > b are in-
tegers then
ged(a, b) = ged(a mod b, b).

If TTi, p§" is the prime factorization of x

then
n 8 +1 -1

=>a=11"—

dlx o1 Pl

Perfect Numbers: z is an even perfect num-

ber iff z = 2771(2" —1) and 2" —1 is prime.

Wilson’s theorem: n is a prime iff
(n—1)'=—1mod n.

Mobius inversion:
1 ifi = 1.

0 if 4 is not square-free.

if ¢ is the product of

r distinct primes.

=Y F(d)

dla

a) = Zﬂ(d)a(%).
dla

Prime numbers:

then

Inlnn

Ppn=nlnn+nlnlnn—n+n

+O(n)7
Inn

n n 2ln

mn) = Inn + (Inn)? + (Inn)3

+0(<1n7l>4)-

Inn

Definitions: Notation:
Loop An edge connecting a ver- E(G) Edge set
tex to itself. V(G) Vertex set
Directed FEach edge has a direction. ¢(G)  Number of components
Simple Graph with no loops or G[S]  Induced subgraph
multi-edges. deg(v) Degree of v
Walk A sequence vgeivy ... ey, A(G) M?X.Imum degree
Trail A walk with distinct edges. | 9(G)  Minimum degree
Path A trail with distinct x(G)  Chromatic number
vertices. xe(G) Edge chromatic number
Connected A graph where there exists G Complement graph
a path between any two Kn Complete graph
vertices. K, n, Complete bipartite graph
Component A  maximal connected r(k,) Ramsey number
subgraph. . Geometry
Tree A connec'ted acyclic graph. Projective coordinates: triples
Free tree A tree with no root. (2,9, 2), not all z, y and = zero
DAG Directed acyclic graph. ¥ %), Y '
FEulerian Graph with a trail visiting (z,y,2) = (cz,cy,cz) Ve #0.
each edge exactly once. Cartesian Projective
Hamiltonian Graph with a cycle visiting (z,7) (z,9,1)
each vertex exactly once. y=mz+b (m,—1,b)
Cut A set of edges whose re- r=c (1,0, —c)
moval increases the num- Distance formula, L, and L
ber of components. metric:
Cut-set A I?fllmmal cut. \/(1'1 — 51'0)2 n (y1 — yo)z’
Cut edge A size 1 cut.

k-Connected

k-Tough
k-Regular
k-Factor
Matching
Clique
Ind. set

Vertex cover

A graph connected with
the removal of any k — 1
vertices.

VS C V.S # 0 we have
k-c(G-5)<]|S|.

A graph where all vertices
have degree k.
A k-regular
subgraph.

A set of edges, no two of
which are adjacent.
A set of vertices,
which are adjacent.

spanning

all of

A set of vertices, none of
which are adjacent.

A set of vertices which
cover all edges.

Planar graph A graph which can be em-

Plane graph

beded in the plane.
An embedding of a planar
graph.

> deg(v) =

veV
If G is planar then n — m + f = 2, so

f S 2n — 47
Any planar graph has a vertex with de-

gree < 5.

m < 3n — 6.

1
[|Il —zol” + [y1 — y0|p] /p7
. 1
lim [|:L'1 —zo|” + |y1 — y0|p] /v
p—o00
Area of triangle (zo,yo0), (1,91)
and (z2,y2):

xr1T —x
%abs ! 0
T2 — X0

Y1 — Yo
Y2 — Yo
Angle formed by three points:

(56272/2)
4y
0
(0,00 4 (z1,91)
o (m,y1) - (2,92)
cosf = 0l .

Line through two points (g, yo)
and (x1,y1):

r y 1
o Yo 1| =0.
rr oy 1
Area of circle, volume of sphere:
A=nr?, V= %wr3.

If T have seen farther than others,
it is because I have stood on the
shoulders of giants.

— Issac Newton
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T Calculus
Wallis’ identity: Derivatives:
2.9.4-4-6-6---
=2 335?? g, dew) _ du g, dutv) du  dv g, dw) _ dv du
, _ _ ) " ode  do’ " odr  dr do’ " de  de o da’
Brouncker’s continued frixgctlon expansion: ) d(um) du - d(u/v) U(Z_Z) _ U(Z_Z) ] d(e) du
= L= — . = . = ce® —
T=1+ 9y 32 dx dz’ dx v?2 ’ dx dx’
24 —52 9
2+247,2. 7- d(01 ) — (th)CUd—u, 8- d(lnu) — ld_u,
dx dx dx u dx
Gregrory’s series ( ) p d ) p
T L,1 1,1 d(sin u U cos U U
= + + .
4 375 7Ty = - . - _ haed
e sud , 10 . smudx,
Newton’s series dlt dlcot p
1 1 1.3 11. (tan ) = sec? u—u, 12. (cot u) = 2u—u,
Ty n : i dz dz dz d
© 2 2:3:2% 2452 d(secu) d(cscu) du
Sharp’s series: 13. e tan u sec ua, 14. i cot u csc ua,
. 1 1 1 1 15 d(arcsinu) 1 du 16 d(arccosu) -1 du
E:ﬁ(1*31.3+32-5733~7+”') Codz VT-ow2de’ Code VI-ade
Euler’s series: 17, d(arctan u) _ 1 du 18. d(arccot u) _ 1 du
dx 1+u2dz’ dx 1+u2dz’
2
=kt +tmtamtemt 19 d(arcsecu) 1 du 20 d(arcescu) -1 du
E=hththth gt ' dx uy/1—u?dx’ ' dx uy/1—u? da’
=2 d(sinh d(cosh d
R A B L 22, MY _ o 2
Partial Fractions d(tanh ) o du d(cothu) o du
23. = sech” u— 24, ———~= = —csch*u—
Let N(x) and D(z) be polynomial func- dx S dx e
tions of . We can break down d(sech v) du d(csch ) du
N(x)/D(x) using partial fraction expan- 25. —— = —sechu tanh U 26. — — = —cschu coth U
sion. First, if the degree of N is greater )
than or equal to the degree of D, divide 27. d(arcsinh ) _ 1 @, 28. d(arccosh u) _ 1 d_“,
N by D, obtaining dx V1+u2dx dx V2 — 1 dx
N(z) N'(x)
— = Oz) + =, 29 d(arctanh u) _ 1 cl_u7 30. d(arccoth u) _ 1 d_u,
(z) (z) dx 1—u?dx dx u? — 1ldx
where the degree of N’ is less than that of d(arcsech u -1  du d(arccsch u -1 du
31 = 32 =
D. Second, factor D(z). Use the follow- : dr Tl 2 da’ : dr - lu[v/T + u2 dx’
ing rules: For a non-repeated factor: .
N (z) A N'(z) Integrals:
(x—a)D(x) x—a D(x)’ 1. /cudx:c/udac, 2. /u—l—v dx—/udac+/vdm
where )
A= {N(m)} . 3. / x”Jrl, n# —1, 4. / —dr =Inzx, 5. /ezdxze ,
D(2)],—, T
F ted factor: dx dv du
Or a repeated lac orl. 6. | —— = arctanz, 7. [ u—dr =uwv— [ v—duz,
N(J)) mz—: Ay, +N/(.13) 1+x dx dx
_a\m = _ q\m—k )’
(& —a)mD(z) k=0 (z —a) D(x) 8. /smxdx = —cosx, 9. /cosxdx =sinx,
where N
Ak:i " (N(z) 10. [ tanxdzx = —In|cosz|, 11. /cotxda:=ln|cosx\,
k! |dak \D(z) )], ._,

The reasonable man adapts himself to the
world; the unreasonable persists in trying
to adapt the world to himself. Therefore
all progress depends on the unreasonable.
— George Bernard Shaw

14.

arcsin £dx = arcsin £ + v/a? — 22,

12. /secmdaz =In|secz + tanz|,

13. /cscxdx =In|cscx + cot x|,

a>0,
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15.

17.

19.

21.

23.

25.

26.

29.

33.

36.

38.

39

40.

42,

43

46

4

50

52

4 .
54. /xQ\/aQ—xdezg(ZxQ—aQ) a? — x? 4 % arcsin 7,

56

58

60

/arccos Zdx = arccos £ —+/a? — 22, a >0,

-2 o 1 .
/sm (ax)dx = 5 (ax — sin(az) cos(ax)),

2 _
/sec rdr = tanz,
sinf" tzcosz n—1
/sin" rdr = — + /8111”_2 zdz,
n n

tan" 'z
/tan"a:dx = — /tan"%xda:, n# 1,

n—1

n—1

n—1 n—1

n—1

n—1 n—1

1
2

/arcsinh 2dr = warcsinh £ — /22 +a?, a>0,

/sinh2 zdx = §sinh(2z) —

/ arccosh %dx =

/dix*ln(ajJr a2+z2) a>0

dx
- = LarctanZ, a >0,
a*+x @ @

— 1 x
=arcsiny, a>0,

/d;l:
PR

./\/a2zl:x2dx:% a2j:x2j:‘12—21n‘x+ a? + 22|,
8/ dz 11 T
.| ————=-In

ar?+bx a |a+bxl|’

va+bx 1
.| ——dx=2Va+bx+ /7_d,
/ T XT a X a - a—|—bx X
2 _ 2 2 _ 2
_/Lwdx:rg_wz_amﬁi vas—z
X X

)

x dx

: /a2 — 22
o) 2
. /a—”dx:\/aQ—&—xQ—aln
x

. /x\/x2 +a?dr = i(2? + a?)3/?,

Va2 —z2,

a+vVa? + 22
x

7

tan x sec r n-—2
/sec”xdm = + /sec”_2 rdx, n#l,

/tanhxda: = In|coshz|, 30. /cotha:dlen|sinhx|, 31. /sechxdﬂc = arctansinh z, 32. /Cschxdx = In|tanh %

x, 34. /cosh2 zdx = §sinh(2z) + 1z,

—In

a >0,

16. /arctan Zdy = yarctan £ — £1n(a® +2°), a >0,
18. /C082 (ax)dz = 5= (ax + sin(az) cos(ax)),

20. /0502$dx = —cotz,

n—1 : -1
22. /cos"md;v _ o rome + n /cos"fzxdx,
n n
cot™ 1
24. /cot”xdm = ——1$ - /cot"dxda:, n#1,
n—

/csc":cdx = _cotresem w + n-?2 /csc”*2 xdr, n#l, 27. /sinhxdx =coshz, 28. /coshxdx = sinhz,

)

5 35. /sech2 rdx = tanhx,

37. /arctanh Zdy = xwarctanh £ + % In|a® — 2|,

x .
xarccosh — — v/x? 4 a?, if arccosh £ > 0 and a > 0,
a

x . ;
xarccosh — 4+ v/x? 4 a?, if arccosh £ < 0 and a > 0,
a

2 .
41./\/az—x2dx:% a? —x? 4 SarcsinZ, a >0,

- 4 -
/(a2 — 223z = 2(5a° — 22°)Va? — 22 + 3% arcsin £, a >0,

dx
44. / —

a+x
a—x

dx T
’ 45 /(a2 222 T ek — a2

, a>0,

:ln‘x—i— 72 —q?

dzr
47. _
/ V2 —a?

. 3/2

49. /x\/aerxd:r: 2(3bz 2;15)15;1—’_&8) ,

51 /7x daj—iln 7@4—})3:—\/5
") Va¥bz T V2 [Va+br++a

53. /m\/ a? — z?dr = —1(a® — z%)3/2,

, a>0,

sy [9r 1 |etvaer-z?
) Va2 — 22 @ z ’
2
z° dx 2 .
57. —5Va? -2+ S arcsin = a >0,

/a2 — 12
Vo
T a
59. /7dx:\/x2—a2—aarccosi
x

a >0,

]

1

dzr
61. —_— ==
/x\/x2+a2 e

In ,

x
a+ Va2 + x?
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62.

64.

dxr

/
/

rdx

Va2 — a2
=2 £ a?,

arccos | it

a >0, 63.

/2 4+ a2
65. /%dm:

dx B Va2 £a?
2V/2Z £ a2 a’x

(xz + CL2)3/2

7

Va2 +a? 30223
1 2ax + b — Vb? — 4ac e 10
n , if b* > 4dac,
66 / dx _ b2 —dac  |2ax + b+ Vb? — dac
. ax? +bx +c 2 2az + b e
arctan , i < dac,
Vidac — b? Viac — b2
1
71n‘2ax+b+2\/5\/ax2+bx+c’, if a >0,
a
67. / VarZ +b - 1 20z — b
ar“ + bx + ¢ s - .
arcsin ———, if a <0,
vV—a Vb2 — dac
2 b dax — b? d
68./\/ax2+bw+cd$: ar + ax? +bx +c+ ar / z ,
8a var? +br +c
69 rdz _ Var?+br+c /
) vazr? +bx+c a a) VarZ+br+c
—1 2 2 2
7111 Vevar? +br + e+ bx + c’ ife>0,
T
70. / L —
xvax? + bx + ¢ 1 . br + 2¢ ife<0
—— arcsin ————, if ¢ <0,
V=c |x| Vb2 — 4ac
71. / 3Va2 +a2dx = ( %x f%a )(x2+a2)3/2,
72. /x" sin(az) de = —Lz" cos(az) + 2 /x"_l cos(azx) dz,
73. /ac” cos(az) dr = 2" sin(az) — 2 /x”_l sin(ax) dz,
74. /a:"e‘m de =25 _ %/x"ile‘” dx,
a
75 /:c” In(az) dx = x"** In(az) _
) n+1 (n+1)2
n+1
76. /x”(lnaaz)m de = = (Inax)™ m /x (Inax)™ ! dz.
n+1 n+1
= xt = 2t
72 — 2 + gL 2% -zt
x3: x§+3x2+xl — x§—3x§+xT
74 = T4 4+ 653+ Tr2 + 2L = zt — 623 + T2% — 2!
x° 22 4+ 1522 + 2523 + 1022 + 2L = 22 — 152% + 2523 — 1022 + 2!
2t x! L x!
x§: 22+ 2t 22 = 2?2 — gt
3 = x® + 322 + 22! 23 = x® — 322 + 22!
zt = 2t + 623 4+ 1122 4 62! t = zt — 62 + 1122 — 62!
x? 2® + 10z + 3523 + 5022 + 242! 22 = 25— 102* 4 3523 — 5022 + 242!

Difference, shift operators:

Af(x) = fle+1) = f(),
Ef(z)=f(z+1).
Fundamental Theorem:
f(x) )& > fla)ir=F(z)+C.
S f@psr = 3 £0)
Diﬂ’erenceszl -
A(cu) = cAu, Au+v) = Au+ Av,
A(uv) = uAv + EvAu,
A(J]") = nxl— 1
A(H,) = 271, A(27) = 27,
Ac") = (c=1)c” A(G) = (o)
Sums:
S eudr=cd udx,
S(u+v)dr = udx+ > vz,
S ulAvdr =uv — Y, EvAudz,
Zx”&x—nj:, So=tér = H,

Yo = 5, 2 () 02 = (5)-

Falling Factorial Powers:

r=zx—1)---(zr—n+1), n>0,
22 =1,
1
e R R,
o™ — g (g — m)
Rising Factorial Powers:
" =x@+1)--(x+n-1), n>0,
20 = 1,
" 1
IRCED R N,
gt = 2™ (x +m)".
Conversion:
= (-1)"(—2)" = (x —n+1)"
=1/(z+1)7",
" = (-D)"(—z)t=(z+n—-1)"

n

-t

k=1

n

k

n

k

{

byt

ot = zn: m (—1)"hak,
k:l
“=2[i]
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Taylor’s series: Ordinary power series:
x—a)? > m — a > )
F@) = 1@ + @ -0 (@) + E L ) o= 3 T o), D=3
=0 i
Expansions: ) =0
1 o Exponential power series:
- =l4+ao+a?+a3+at+--. :le, io: i
- i=0 =) a;—.
o !
! =1l+cr+cPa?+ a3+ —Zcixl =0
1—cx - cr - ’ Dirichlet power series:
=0 e}
1 1 — 1" 42 g3 :me" Ax) = =
—an , i=1
=0
z ) . . > Binomial theorem:
(e =x+42z°+3z° +4z* + - - :Zm, (&4 1)" Xn:(n>x”kyk
i=0 = .
k dn 1 n .2 n .3 qn 4 _ - N1 k=0 k
Tam \1 -2 =z +2"z"+ 3% +4" +"'_ZZI’ Difference of like powers:
io:oo ‘ ne1
e —lta+ia?+iad 4. =y iyt = (z—y) Yy TR
i " k=0
. e For ordinary power series:
In(1+ x) =z — 3z’ + 323 — Lot - = z:(—l)”rlxZ , o
= A(z) + BB(z) =Y _(aa; + Bb)a’,
1 z* i=
lnl_m =z+ 32t 4 323+ 2t + - :ZT’ 000 _
== gt dat = el =3 Gy ot
i=0 Alz) =Y e’ & i
e 14 1 oo . 2% v =0 :ZaiJrkiCa
Cos & =1l—g2” + 2" —ga° + :Z(_ ) (20) =0
i=0 ’ N
1 1 1 - 2 z) = Zczaim’,
tan™' =z —32®+ 2 — 127 + = Z(— ) 2ir1) i=0
=0 00
ad . Alx) = i+ 1)aj1a°,
(1+2)" :1+nz+n(n 1)x2_|_ _Z<T;>zl’ (z) ;( )it
i=0 .
1 n+2y,.2 SRR zA'(z) = ia;x’,
(1—a)it =l la+ (P2t + =3 (07 () ; ’
i=0
x X B’ o — i1
e —1 =1ogrd e’ et b =) S /A(x)dx_Z; i
i=0 i=
1 1 (2 _ i ,
5o (1= VI— ) R W )
i=0 i=0
1 _ 2 3 _ - 2 7 A — — © .
ﬁ =1+x+ 2z + 62>+ --- —Z<i>$; ({E) x):2a2i+lx2z+1'
=0
n . i=0
1 1—-V1—4z N X (2040 ;
m( o ) —1+(2+n)x+(4+ Ja? + - =Z< ; )JS, Summation: If b; = 37%_ a; then
i=0
= 1
1 1 3.2 34 254 i B(z) = ——A(z).
In =x+ x+ x—|——x + - :ZHiI7 1—x
L=z 1-2 i=1 Convolution:
1 1y? 1.2, 8.3 11 4 o~ Hiz © [
2<ln1_x) =s2°+ 327+ 5z + - 72 PR A(x)Bw):Z Zajbi—j
b= i=0 \j=0
”72 =z +a2%+22% + 324 + - :ZFl-xi7
—r- i=0 God made the natural numbers;
F.x all the rest is the work of man.

1-— (Fn—l + Fn+1)$ - (—1)"1’2

= F,x + Fo,a? + Fapa® + - -

— Leopold Kronecker
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Series Escher’s Knot
Expansions: o
! In L —i(H ,— Hp,) et z’ E - —i ' x’
1—z)ntt 71—z — e " i ’ x B —~n ’
- = [n] N n 2 (i) nlat
v :ZL]J: (e =1) :Z{n} il
i=0 i=0
1 \" = [i]nlat o= (—4)'Bya®
(lnl—x) 7; {n] il reots 7; (20! 7
> . 12%(2% — 1) Byz*~ =1
_ 1)1 v — =
tanx = ;( 1) ehl ¢(x) ; =
1 _ N Al Clx—-1) o)
(@) 25 @ e
1
¢(z) = H 1—p= Stieltjes Integration
:O 0 If G is continuous in the interval [a,b] and F is nondecreasing then
d(i
2 _ _ b
= S(i exists. If a < b < ¢ then
coce-1 =350 where 5(n) = Sy
i=1 / G(z)dF (x / G(z)dF (x / G(z)dF (z
22n_1|B2n| 2n
¢(2n) = Wﬂ' , neN, If the integrals involved exist
, 4 b b
z =3 (-t (4" = 2) Byja™ / (G(z) + H(z)) dF(z) = / / H(z)dF(z
sin — (2i)! ’
1—T—4z\" _in(%—l—n—l)! ; /G /G ) dF(z /G()dH( )
2x B — i(n+1i)! °
e’ sinx = ,7'4:% ba
; 1!
=1 / Glz) dF(z) = GB)F(b) — G(a)F(a) — / Flz)dG(z).
1-Vi—=z > (4i)! ¢

z ; 160v2(20) (20 + 1)1

arcsinz \ ? i 47412 9
=y ——3%
- 2 (it 1)2i+ 1)

If the integrals involved exist, and F possesses a derivative F' at every

point in [a, b] then
/ G(2)F'(x

Cramer’s Rule

If we have equations:

1,171 + a1,2T2 + -+ A1 p Ty = by

a2,1T1 + a2,2%2 + - + a2 Ty, = bo

Qn, 121 + An, 222 + -+ Ap nTn = bn

Let A = (a; ;) and B be the column matrix (b;). Then
there is a unique solution iff det A # 0. Let A; be A

with column ¢ replaced by B. Then
det A1

YT et A

/ G(z)dF (z
Fibonacci Numbers
00 47 18 76 29 93 85 34 61 52

86 11 57 28 70 39 94 45 02 63
95 80 22 67 38 71 49 56 13 04

1,1,2,3,5,8,13,21,34, 55,89, . ..

59 96 81 33 07 48 72 60 24 15 Definitions:

73 69 90 82 44 17 58 01 35 26 Fi=F, 1+F, 2, Fy=FN=1,
68 74 09 91 83 55 27 12 46 30 F ;= (_1)”—1Fi7

37 08 75 19 92 84 66 23 50 41 L PR

14 25 36 40 51 62 03 77 88 99 _ﬁ((b_(é)’

21 32 43 54 65 06 10 89 97 78
42 53 64 05 16 20 31 98 79 87

Cassini’s identity: for ¢ > 0:
Fi1 Fiy — F7 = (—-1)".

Improvement makes strait roads, but the crooked
roads without Improvement, are roads of Genius.
— William Blake (The Marriage of Heaven and Hell)

Additive rule:
FnJrk - Fan+1 + Fkrlen7

The Fibonacci number system:

Every integer m has a unique

representation By, =F,F,.1+F,_1F,.
n="Fy +Fp+-+F,, Calculation by matrices:

where k; > ki1 + 2 for all i, F, o F, . 0o 1\"
1<i<mand k,, > 2. F,y F, ) \1 1)~




